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Abstract 

We consider some typical gauge models in the causal approach: Yang-Mills and pure 
massless gravity up to the second order of the perturbation theory. We prove that the 
loop contributions are coboundaries, up to super-renormalizable terms in the Yang-Mills 
case; this means that the ultra-violet behavior is better than expected from power counting 
considerations. For the pure massless gravity we prove that the loop contributions are 
coboundaries so the model is essentially classical. We conjecture that such a result should 
be true in higher orders of the perturbation theory also. This result should make easier 
the problem of constructive quantum field theory. 



e-mail: grigore@theory.nipne.ro 



1 Introduction 



The general framework of perturbation theory consists in the construction of the chronological 
products: for every set of Wick monomials Wi{xi), . . . , Wn{xn) acting in some Fock space "H 
one associates the operator T^'^'^^^''^"{xl, . . . , x„); all these expressions are in fact distribution- 
valued operators called chronological products. It will be convenient to use another notation: 
T{Wi{xi), . . . ,Wn{xn))- These operators are constrained by Bogoliubov axioms [1], [1], [2]; 
we prefer the setting from [2]. (An equivalent point of view uses retarded products [15].) 
The construction of the chronological products can be done recursively according to Epstein- 
Glaser prescription [1] , [5] (which reduces the induction procedure to a distribution splitting of 
some distributions with causal support) or according to Stora prescription [TI] (which reduces 
the renormalization procedure to the process of extension of distributions). These products 
are not uniquely defined but there are some natural limitation on the arbitrariness. If this 
arbitrariness does not grow with the order n of the perturbation theory then we say that the 
theory is renormalizable; the most popular point of view is that only such theories are physically 
meaningful. 

Gauge theories describe particles of higher spin. Usually such theories are not renormal- 
izable. However, one can save renormalizability using ghost fields. Such theories are defined 
in a Fock space T-L with indefinite metric, generated by physical and un-physical fields (called 
ghost fields). One selects the physical states assuming the existence of an operator Q called 
gauge charge which verifies = and such that the physical Hilheri space is by definition 
= Ker{Q) / Im{Q). The space % is endowed with a grading (usually called ghost number) 
and by construction the gauge charge is raising the ghost number of a state. Moreover, the 
space of Wick monomials in "H is also endowed with a grading which follows by assigning a 
ghost number to every one of the free fields generating "H. The graded commutator dq of the 
gauge charge with any operator A of fixed ghost number 

dQA=[Q,A] (1.1) 

is raising the ghost number by a unit. Because 

4 = (1-2) 

it means that dq is a co-chain operator in the space of Wick polynomials. From now on [-, ■] 
denotes the graded commutator. 

A gauge theory assumes also that there exists a Wick polynomial of null ghost number T(x) 
called the interaction Lagrangian such that 

[Q,T]=id^T^ (1.3) 

for some other Wick polynomials T^. This relation means that the expression T leaves invariant 
the physical states, at least in the adiabatic limit. Indeed, if this is true we have: 

T(/)Hphys C Hphys (1.4) 



1 



up to terms which can be made as small as desired (making the test function / flatter and 
flatter). In all known models one finds out that there exist a chain of Wick polynomials 
T^, T^^ T'^'P, . . . such that: 

[Q,T]=2a^T^ [Q,T^] =^9,T^^ [Q,T^'''] = tdpT'^"" , . . . (1.5) 

It so happens that for all these models the expressions T'^'^, T'^''^, . . . are completely antisym- 
metric in all indexes; it follows that the chain of relation stops at the step 4 (if we work in 
four dimensions). We can also use a compact notation where J is a collection of indexes 
/ = [z/i , . . . , z/p] (p = 0, 1, . . . , ) and the brackets emphasize the complete antisymmetry in these 
indexes. All these polynomials have the same canonical dimension 

uj{T^) = ujo, V/ (1.6) 
and because the ghost number of T = T''' is supposed null, then we also have: 

gh{T') = (1.7) 
One can write compactly the relations fll.Sp as follows: 

cIqT' = I d^T"'. (1.8) 

For concrete models the equations (11.51) can stop earlier: for instance in the Yang-Mills case we 
have T^'^P = and in the case of gravity T^'^f" = 0. If the interaction Lagrangian T is Lorentz 
invariant, then one can prove that the expressions T^, |/| > can be taken Lorentz covariant. 
Now we can construct the chronological products 

T^^--^"(xi, . . . ,x„) = T(T^i(xi), . . . ,T^"(x„)) 

according to the recursive procedure. We say that the theory is gauge invariant in all orders of 
the perturbation theory if the following set of identities generalizing (11.81) : 

Pi 

are true for all n G N and all /i, . . . , /„. Here we have defined 

i-i 

We introduce some cohomology terminology. We consider a cochains to be an ensemble of 
distribution-valued operators of the form C^^'''''^"{xi, . . . , x„), n = 1,2, ■ ■ ■ (usually we impose 
some supplementary symmetry properties) and define the derivative operator 6 according to 

1=1 
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We can prove that 

6^ = 0. (1.12) 



Next we define 



s = dq- i6, 



s = dq + i6 



(1.13) 



and note that 



ss = ss = 0. 



(1.14) 



We call relative cocycles the expressions C verifying 



sC = 



(1.15) 



and a relative coboundary an expression C of the form 



C = sB. 



(1.16) 



The relation (II. 9p is simply the cocycle condition 



sT = 0. 



(1.17) 



The purpose of this paper is to investigate if this condition implies that, at least some 
contributions of T, are in fact coboundaries. Coboundaries are trivial from the physical point 
of view: if we consider two physical states then 



(in the adiabatic limit). 

We will consider here only the second order of the perturbation theory and prove that for 
Yang-Mills models the loop contributions are coboundaries, up to super-renormalizable terms 
(i.e. terms with a better ultra-violet behavior than given by power counting); for massless 
gravity the situation is even better, i.e. the loop contributions are strictly a coboundary i.e. 
the theory is essentially classical. This follows from the fact that in the loop expansion the 
0-loop (or tree) contribution corresponds to the classical theory [3]. 

In the next Section we present the description of the free fields use, mainly to fix the 
notations. In Section [3] we give Bogoliubov axioms for the second order of the perturbation 
theory; in Subsection 13.31 we give the basic distributions with causal support appearing for loop 
contributions in the second order of the perturbation theory. In Sections H] and [5] we prove the 
cohomology result for Yang-Mills and gravity. 



< ^, sB^' >=< Q^, B^' > - < ^, 5Q^' >+i<^, 55^' >^ 



(1.18) 
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2 Free Fields 

We summarize some results from [9]. 

2.1 Massless Particles of Spin 1 (Photons) 

We consider a vector space T-L of Fock type generated (in the sense of Borchers theorem) by 
the vector field (with Bose statistics) and the scalar fields u,u (with Fermi statistics). The 
Fermi fields are usually called ghost fields. We suppose that all these (quantum) fields are of 
null mass. Let VL be the vacuum state ml-L. In this vector space we can define a sesquilinear 
form < -, ■ > in the following way: the (non-zero) 2-point functions are by definition: 

< fi, u{xi)u{x2)Vt >= -i D^^\xi - X2) < u{xi)u{x2)^ >= i D^^\xi - X2) (2.1) 

and the n-point functions are generated according to Wick theorem. Here 7]^^ is the Minkowski 
metrics (with diagonal 1, —1, —1, —1) and D^^^ is the positive frequency part of the Pauli- Jordan 
distribution Dq of null mass. To extend the sesquilinear form to "H we define the conjugation 
by 

vjj^ = f^, = u, = ~u. (2.2) 

Now we can define in T-L the operator Q according to the following formulas: 

[Q, v^] = i d^u, [Q, u] = 0, [Q, u] = -i d^v'' 

Qn = (2.3) 

where by [■, •] we mean the graded commutator. One can prove that Q is well defined. Indeed, 
we have the causal commutation relations 

[Vf,{xi),Vf,{x2)] = i Tj^,^ Do{xi - X2) ■ I, [u{xi),u{x2)] = -i Do{xi -X2) -I (2.4) 

and the other commutators are null. The operator Q should leave invariant these relations, in 
particular 

[Q, [v^{xi),u{x2)]] + cyclic permutations = (2.5) 

which is true according to (12.31) . It is useful to introduce a grading in "H as follows: every state 
which is generated by an even (odd) number of ghost fields and an arbitrary number of vector 
fields is even (resp. odd). We denote by |/| the ghost number of the state /. We notice that 
the operator Q raises the ghost number of a state (of fixed ghost number) by an unit. The 
usefulness of this construction follows from: 

Theorem 2.1 The operator Q verifies = 0. The factor space Ker{Q) / Ran{Q) is isomor- 
phic to the Fock space of particles of zero mass and helicity 1 (photons). 
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2.2 Massive Particles of Spin 1 (Heavy Bosons) 

We repeat the whole argument for the case of massive photons i.e. particles of spin 1 and 
positive mass. 

We consider a vector space l-L of Fock type generated (in the sense of Borchers theorem) 
by the vector field f^, the scalar field $ (with Bose statistics) and the scalar fields u^u (with 
Fermi statistics). We suppose that all these (quantum) fields are of mass m > 0. In this vector 
space we can define a sesquilinear form < •, • > in the following way: the (non-zero) 2-point 
functions are by definition: 

< VL,v^,{xi)v^{x2)^ >= i ri^y D^^\xi -X2), < VL,^{xi)<^{x2)VL >= -i DI^\xi - X2) 

< fl, u{xi)u{x2)fl >= -i Dl^\xi -X2), < ^, u{xi)u{x2)fl >= i Di^\xi - X2) (2.6) 

and the n-point functions are generated according to Wick theorem. Here D^n^ is the positive 
frequency part of the Pauli- Jordan distribution of mass m. To extend the sesquilinear form 
to H we define the conjugation by 

■yt = ^ -u, = (2.7) 

Now we can define in H the operator Q according to the following formulas: 

[Q, v^] = i d^u, [Q, u] = 0, [Q, u] = -i {d/^v^ + m $) [Q, = i m u, 

QQ = 0. (2.8) 

One can prove that Q is well defined. We have a result similar to the first theorem of this 
Section: 

Theorem 2.2 The operator Q verifies = 0. The factor space Ker{Q) / Ran{Q) is isomor- 
phic to the Fock space of particles of mass m and spin 1 (massive photons). 
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2.3 The Generic Yang-Mills Case 

The situations described above (of massless and massive photons) are susceptible of the follow- 
ing generalizations. We can consider a system of ri species of particles of null mass and helicity 

1 if we use in the first part of this Section ri triplets (w^, Mq, "Sa), a G h of massless fields; here 
Ii is a set of indices of cardinal ri. All the relations have to be modified by appending an index 
a to all these fields. 

In the massive case we have to consider r2 quadruples {v^,Ua,Ua,^a),(i G h of fields of 
mass ma] here I2 is a set of indexes of cardinal r2- 

We can consider now the most general case involving fields of spin not greater that 1. We 
take / = Ji U J2 U/3 a set of indexes and for any index we take a quadruple {v^, Ua, Ua, ^a), a G / 
of fields with the following conventions: (a) For a e /i we impose <l>a = and we take the masses 
to be null rria = 0; (b) For a e I2 we take the all the masses strictly positive: rria > 0; (c) For 
a E h we take v^, Ua, Ua to be null and the fields = of mass > 0. The fields 0f are 
called Higgs fields. 

If we define = 0,Va G then we can define in T-L the operator Q according to the 
following formulas for all indexes a E I : 

[Q,V^]^id^^Ua, [Q,Ua]^0, 
[Q, Ua] = -i {d^V^ + rUa $a) [Q, ^a] = i rUa Ua, 

QQ = 0. (2.9) 

If we consider matter fields also i.e some set of Dirac fields with Fermi statistics: "if a, A E I4 
then we impose 

dQ^A = 0. (2.10) 
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2.4 Massless Particles of Spin 2 (Gravitons) 

We consider the vector space T-L of Fock type generated (in the sense of Borchers theorem) by 
the symmetric tensor field /i^^ (with Bose statistics) and the vector fields m^, (with Fermi 
statistics). We suppose that all these (quantum) fields are of null mass. In this vector space we 
can define a sesquilinear form < -,■ > in the following way: the (non-zero) 2-point functions 
are by definition: 

< fi, h^y{xi)hp„{x2)Vt >= (?7^p f]^^ + r]^p r]^^ - r]^^ rip„) D^^\xi - X2), 

< fi, Up{xi)Ui,{x2)^ >= i r/^i. D^^\xi - X2), 
< ^l,Up{xi)u^{x2)^ >= -i r/^v -Do^^a^i - 2^2) (2.11) 

and the n-point functions are generated according to Wick theorem. Here ?7^j, is the Minkowski 
metrics (with diagonal 1, —1, —1, —1) and -Dq^'' is the positive frequency part of the Pauli- Jordan 
distribution Dq of null mass. To extend the sesquilinear form to l-L we define the conjugation 

by 

= h^u, = Up, ul = -u„. (2.12) 

Now we can define in "H the operator Q according to the following formulas: 

[Q, h^iiv] = {^^^Uu + dyUp - r]p„dpU^), [Q, Up] = 0, [Q, Up] = i d^hp^ 

Qn = (2.13) 

where by [■, ■] we mean the graded commutator. One can prove that Q is well defined. Indeed, 
we have the causal commutation relations 

[hpu{xi), hp„{x2)] = -- {r]pp r]u„ + r]^p r]p„ - rjp^ r]p„) Dq{xi - X2) ■ /, 

[u{xi),u{x2)\= i r]py Dq{xi- X2) ■/ (2.14) 

and the other commutators are null. The operator Q should leave invariant these relations, in 
particular 

[Q, [h^y{xi), Ua{x2)\\ + cyclic permutations = (2.15) 
which is true according to (12. 3p . Then we have: 

Theorem 2.3 The operator Q verifies = 0. The factor space Ker{Q)/Im{Q) is isomorphic 
to the Fock space of particles of zero mass and helicity 2 (gravitons). 
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3 General Gauge Theories 



We give here the essential ingredients of perturbation theory for n = 2. First wc consider that 
the canonical dimension of the vector and scalar fields v^, Ua, $a and h^u, u^, is equal to 
1 and the canonical dimension of the Dirac fields is 3/2. A derivative apphed to a field raises 
the canonical dimension by 1. The ghost number of the ghost fields is 1 and for the rest of the 
fields is null. The Fermi parity of a Fermi (Bosc) field is 1 (resp. 0). The canonical dimension 
of a Wick monomial is additive with respect to the factors and the same is true for the ghost 
number and the Fermi parity. 



3.1 Bogoliubov Axioms 

Suppose that the Wick monomials A, B are self-adjoint: A'^ = A, B'^ = B and of fixed Fermi 
parity |^|, and canonical dimension u{A),uj{B). We will consider two case: for Yang-Mills 
fields we can take u}{A),u}{B) < 4 but for gravity we have u{A),u{B) < 5. The chronological 
products T{A{x), B{y)) are verifying the following set of axioms: 

• Skew-symmetry: 

T{B{ylA{x)) = (-l)l^ll^lr(A(x), B{y)) (3.1) 

• Poincare invariance: we have a natural action of the Poincare group in the space of 
Wick monomials and we impose that for all elements g of the universal covering group 
inSL{2,C) of the Poincare group: 

U,T{A{x), B{y))U;' = T{g ■A{g-x),g- B{g ■ y)) (3.2) 

where x ^ g ■ x is the action of inSL(2,C) on the Minkowski space. Sometimes we can 
supplement this axiom with other symmetry properties, as for instance, parity invariance. 

• Causality: ii x > y i.e. {x — yY > 0, x° — y° > then we have: 

T{A{x),B{y)) = A{x)B{y); (3.3) 

• Unitarity: If we define the anti- chronological products according to 

f{A{x), B{y)) = A{x)B{y) + B{y)A{x) - T{A{x), B{y)) (3.4) 
then the unitarity axiom is: 

T{A{x),B{y)^T{A{x),B{y)y. (3.5) 
It can be proved that this system of axioms can be supplemented with 

T{A{x),B{y))^Yl <^,T{Ai{x),Br{y))n> : ^2(^)^2 (y) : (3.6) 
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where A = A1A2, B = B1B2 is an arbitrary decomposition of A and resp. B in Wick submono- 
mials and we have supposed for simphcity that no Fermi fields are present; if Fermi fields are 
present, then some apropriate signs do appear. This is called the Wick expansion property. 

We can also include in the induction hypothesis a limitation on the order of singularity of 
the vacuum averages of the chronological products: 

u{< n, T{A{x), B{y))n >) < io{A) + uj{B) - 4 (3.7) 

where by uj{d) we mean the order of singularity of the (numerical) distribution d and by uj{W) 
we mean the canonical dimension of the Wick monomial W. 
The contributions verifying 

uj{< n, T{A{x), B{y))n >) < uj{A) + uj{B) - 4 (3.8) 

will be called super-renormalizahle. 

The operator- valued distributions A, R, T admit a decomposition into loop contributions 
D = J2i etc. Indeed every contribution is associated with a certain Feynman graph and the 
integer / counts the number of the loops. Alternatively, if we consider the loop decomposition of 
the advanced (or retarded) products we have in fact series in h so the contribution corresponding 
to Z = (the tree contribution) is the classical part and the loop contributions / > are the 
quantum corrections [3]. 

3.2 Second Order Cohomology 

We go to the second order of perturbation theory using the causal commutator 

D^'^(x, y) ^ D{A{x), B{y)) = [A{x), B{y)] (3.9) 

where A{x),B{y) are arbitrary Wick monomials and, as always we mean by [■, ■] the graded 
commutator. These type of distributions are translation invariant i.e. they depend only on 
X — y and the support is inside the light cones: 

supp{D) CV+ UV. (3.10) 

A theorem from distribution theory guarantees that one can causally split this distribution: 

D{A{x), B{y)) = A{A{x), B{y)) - R{A{x), B{y)). (3.11) 

where: 

supp{A) C 1/+ supp{R) C V~. (3.12) 

The expressions A{A{x), B{ii)), R{A{x), Biy)) are called advanced resp. retarded products. 
They are not uniquely defined: one can modify them with quasi-local terms i.e. terms propor- 
tional with S{x — y) and derivatives of it. 

There are some limitations on these redefinitions coming from Lorentz invariance, and power 
counting: this means that we should not make the various distributions appearing in the ad- 
vanced and retarded products too singular. 
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Then we define the chronological product by: 

T{A{x), B{y)) = A{A{x), B{y)) + B{y)A{x) = R{A{x), B{y)) + A{x)B{y). (3.13) 
We consider that A and B are of the type such that we have first-order gauge invariance: 

sT = (3.14) 
which is a cocycle equation. Then we define that causal commutator 

D'\x,y)^[T\x),T\y)]- (3.15) 

we have the symmetry property 

D'\y,x) = -{-l)\'\\'\ D'\x,y) (3.16) 

and the limitations 

gh{D^-^) = \I\ + I J| (3.17) 

and power counting limitations coming from (13.71) . This will be our cochain space. But D^'^(x, y) 
it is also a cocycle: 

sD = ^ dnD" = i^D'P'^ + ii-lf\^D''-^''. (3.18) 

^ dxP ^ ' dyp ^ ' 

as it follows from fl3.14p . Now the key problem of gauge theories is to prove that the causal 
splitting of this commutator can be done such that the gauge invariance property is preserved 
i.e. A^-^IxjU), R^'^{x,y),T^'^{x,y) are also cocycles. In lower orders of perturbation theory this 
can be done elementary. 

We address in this paper another question, namely if these objects are in some sense 
coboundaries. We will prove that this is true only for the loop contributions and in the Yang- 
Mills case only up to super-renormalizable terms. 
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3.3 Second Order Causal Distributions 

We remind the fact that the Pauh-Villars distribution is defined by 

Dm{x) ^ D^^\x) + D^-\x) (3.19) 

where 

D^m\^) ~ j dpe'P-''e(±po)5(p' - m") (3.20) 

such that 

D^-\x) = -D^+\-x). (3.21) 

This distribution has causal support. In fact, it can be causally split (uniquely) into an 
advanced and a retarded part: 

D = D^"" - D'^* (3.22) 
and then we can define the Feynman propagator and antipropagator 

All these distributions have singularity order u}{D) = —2. 

For one-loop contributions in the second order we need the basic distribution 

d,{x)^^-[D(^\xr-D(^\-xr] (3.24) 

which also with causal support and it can be causally split as above in 

d2 = df^ - df (3.25) 

and the corresponding Feynman propagators can be defined. These distributions have the 
singularity order ui{D) — 0. 

We will now consider for simplicity the case m = 0. 

In the explicit computations some associated distributions with causal support do appear. 

In the Yang-Mills case we can have two derivatives distributed in two ways on the two factors 
r)(+). 

d,,{x) = D^^\x)d^d,D^^\x) - D^^\-x)d,d,D^^\-x) 

f,,{x) = d,D^'-\x)d,D^-'\x) - d^D^^\-x)d,D^^\-x). (3.26) 

It is not hard to prove that we have 

= I (d,d, + d2. (3.27) 
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In the case of gravity we have 4 derivatives distributed on the two factors Dq '. This can 

be done in three different ways and we obtain after some computations expressions of the type 
P{d)d2 where P are polynomials of degree 4 in the derivatives. As we will see, the explicit 
expressions are not needed. For two-loop contributions in the second order we need 

ds{x)^l[Di:\xf-Di:\-xr] (3.28) 

and the associated distributions 

41) (a;) = d^Dl,-^\x)d,D^o^\x)d>'d''Di,-^\x) - d^D''^\-x)d,D\^\-x)d^d'' d\^\-x) 
d!i\x) = D''^\x)d^d,D\^\x)d^'d''D''^\x) - D\^\-x)d^d,D^^\-x)d^d'' d'^^X-x). (3.29) 

It can be proved that we have 

4\x) = ^ UH,{x), df\x) = i UH,{x). (3.30) 
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4 Yang- Mills Case 



In this section we prove that the one-loop contributions appearing in the Yang-Mills case are in 
fact super-renormalizable i.e. the cochains are in fact coboundaries, up to super-renormalizable 
terms. We first need the explicit expressions for the cochains. 



4.1 The Yang-Mills Lagrangian 

Now we consider the framework and notations from Subsection 12.31 Then we have the following 
result which describes the most general form of the Yang-Mills interaction [6], [7], [8], [T3] . 
Summation over the dummy indexes is used everywhere. 

Theorem 4.1 Let T be a relative cocycle which is tri-linear in the fields and is of canonical 
dimension uj{T) < 4 and null Fermi parity. Then: (i) T is (relatively) cohomologous to a 
non-trivial co-cycle of the form: 



T = fabc ( - Va^, Vbu + Ua v'^ d^U^ 



1 

2 

+f'abc{^a (t^b ^cf, + mb $a Mfe ^c) 
+ ^ f'L $6 <f c + + 3a ^a] (4.1) 

where we can take the constants fabc = if one of the indexes is in I3; also fabc = if c & I3 or 
one of the indexes a and b are from Ii, and = if a E I3; ja = if a E h. By definition 

ra^d'^<^a-vii (4.2) 

Moreover we have: 

(a) The constants fabc completely antisymmetric 

fabc = f [abc]- (4.3) 

(b) The expressions fabc ^'^^ antisymmetric in the indexes a and b: 

fabc = -fbac (4.4) 

and are connected to fabc by: 

fabc rric = f'cab^a " f'cba^b- (4.5) 

(c) The (completely symmetric) expressions f"^^ = f"abc} ^^''^ifv 

I -^^fLbc^l for a.ceh^beh. ^ ' 

(d) the expressions and ja are bilinear in the Fermi matter fields: in tensor notations; 

fa = 5^ V^^a ® flei^ Ja = ^ ® T.V' (4-7) 

e e 
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where for every e = ± we have defined the chiral projectors of the algebra of Dirac matrices 
7£ = i (/ + e 75) and t^, are I/4I x I/4I matrices. If M is the mass matrix Mab — ^ab Ma 
then we must have 

d^^f^^ruaja ^ maSl^i{M tl-t-' M). (4.8) 
(a) The relation dqT = i d^T^ is verified by: 

T>' = fahc V^, - ]^Ua d>'u)j + /^,, 0^ + Ua (4.9) 

(Hi) The relation dgT^ — i d^T^" is verified by: 

T''" = \fabc Ua U, (4.10) 



4.2 The Generic Expressions for the One-Loop Cochains 

We consider the one-loop contributions Df^^^{x,y) from D^'^{x,y) and we write for every mass 
m in the game 

D^^Do + {D^-Do) (4.11) 

In this way we spht D^^-^{x,y) into a contribution D^^-^Q{x,y) where everywhere i->- Dq and 

a contribution where at least one factor is replaced by the difference — Dq. Because we 
have 

uiDm-Do) = -4: (4.12) 

the second contribution will be supcr-renormalizable. We now consider the first contribution. 
By direct computations we obtain 

^'(1)0 



D\^^l\x,y) = (4.13) 



^(1)0 (^,1/) = (d'-d^ - r;^^n)c?2(a; - y)9abUa{x)u,{y) (4.14) 

^(ifo(^>y) = id'^d'^ - V'"'a)d2{x - y)gabUaix)vUy) 

+dMx - y)gab[Fr{x)uh{y) - Ua{x)Fr{y)] (4.15) 

Dll^l{x,y)^-D^ff,{y,x) (4.16) 

L'ff)o(x, y) = {d'^d'' - v'"'a)d2{x - y)gabVa^{x)vM 
+d^d2{x - y)gaA-Fr{x)vUy) + d''Ua{x)u,{y) + VaMFriv) - Ua{x)d^'ub{y)\ 

-d2{x - y)gabFr{x)F,^.{y) 

+dMx - y)g'^^[^a(x)d^My) - d^^a(x)My)] - '^d2{x - y)g^^d^^a(x)d^My) 

-id^d2{x - y)[^{x)A, ® T^Te^ly) - '^{y)A <8) -f'^^-^ix)] 

+Dd2{x-y)g^^^aix)My) (4-17) 
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where we have defined some bihnear combinations in the constants appearing in the interaction 
Lagrangian: 

9ab — fpqafpqb 9ab ~ fpqafpqb 9^2 ~ ^ ] "^"^i^aPb) 9ib ~ fapqfbpq 

e 

^i? = 2 ^ rr«.r) ~9ab ^ 9ab + ^9^^ + 2^1? A, = ^.(^tltl + .^O- (4-18) 

e a 

4.3 The Generic Form of the Coboundaries 

In this Subsection we prove the basic result for the Yang-Mills case. 
Theorem 4.2 The expression D^^^^Q{x,y) is a coboundary 

D\(), = {sBY-^. (4.19) 
Proof: It is done by providing an explicit expression of the coboundary. If we define 

5[H[P](^, y) ^ {^^^PQ^ _ r^-Pd^)d^{x - y)h'Sua{x)u,{y) (4.20) 

5[H0(^, y) ^ ^r^'^PQ- _ rj''Pd'^)d,{x - y)h^^^Ua{x)v,p{y) 

+d,{x - y)h^jFr{x)u,{y) + d,{x - y)h^^Ua{x)Fr{y) (4.21) 

sMM(x,y) = {v^'df- - ii^''d'')d2{x - y)h^^ivap{x)u,{y) 
+ (^MP5- _ ^P-dP)d2{x - y)h'^2Mx)v,p{y) 

+d,{x - y)h^hK''i^H{y) + M^)Friy) (4-22) 

sM®(a;, y) = (r/^^a'^ - r^^Pd^)d2{x - y)h^;;jvUx)v,p{y) 
+d2{x - y)h'-^f^d^Ua{x)uh{y) - d2{x - y)h'-^f^Vau{x)Fl^''{y) 
+d2ix y)h^i[F!^\x)vUy) - Ua{x)d^u,{y)] 
+d2{x - i/)/ii;)$,(x)9^$6(y) + d2{x - y)h^2d^^a{x)^b{y) 

-\ 9^ab [9^d2{x - y)^a{x)%{y) - d2{x - y)d>^<^>a{x)My)] 

-d2{x-y)^{x)A,^Y-f,^{y) (4.23) 
B^\x,y) = -d2{x - y)h^^[d,Ua{xX{y) - {x ^ y)] (4.24) 



where 



h^^)^ig^^) /i(^) = 2i^(=^) (4.25) 
then we can prove the relation from the statement. As a result we have: 
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Theorem 4.3 The one-loop contribution D^^^-^{x, y) is a cohoundary, up to super-renormalizable 

terms. So the causal commutator D^'^{x,y) up to the second-order of the perturbation theory 
is the sum of the classical contribution (tree part) and quantum (loop) corrections which are 
super-renormalizable. This property remains true after causal decomposition, in particular for 
the chronological products. 

For the two-loop contribution in the second order of the perturbation theory we find the non- 
trivial expression 

Df%ix,y)^icDd3{x-y) (4.26) 
(where c is a constant). If we take 



Bf!){x,y)^0 

B^^^\x,y) = ^cd^ds{x-y) (4.27) 
then we can express the commutator D^|jq(x, y) as a coboundary. 
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5 Gravity 



We prove a result of the same nature for the extremely interesting case of massless gravity. 

5.1 The Gravity Lagrangian 

We have the following result |10] . 



Theorem 5.1 Let T be a relative cocycle for dq which is tri-linear in the fields and is of canon- 
ical dimension u{T) < 5 and ghost number gh{T) = 0. Then: (i) T is (relatively) cohomologous 
to a non-trivial cocycle of the form: 



+2 hf'^ df,hpx d^'h - hpp d^'h d^h -Au^ d^u^ dph^x 
+4 d^u" d^u^ hpx + 4 d^u^ d^u^ hpx - 4 d^u^ dfu^ hpx) (5.1) 



where k G M. 

(a) The relation dqT = i dpT^^ is verified by: 



1 

2 

'pll'uX ~ ^ ^' II' ^pIluX + 1''' II ^pl 

iipx - 49 a^/i^^ hpx + 4 d^Up d^K^P Kx 
px - 2 d.v!' d^hf^ hpx - 2 d^u^ hpx 
-2 d^dpup u'' + 2up dPdPu, v!" -2u^ dxUp dPu" 
+2 Up dxu^ dPu^ + 2 dPup dxu^" u^-2up OPux 0^11^) (5.2) 



= k{-2u>' d^hpx dPR"^ + dpKx dPh"^ - ^u" d,h dPh 

+4 uP d^hp^ dpKx -'2uP dPh"^ dpKx + uP dph 
-4 dPu" d^Rp^ hpx - Ad Pu^ d^Rp" hpx + 4 d^Up dPh'^P h 
+4 d^u" dPRp^ hpx - 2 d^u'' OpRp^ h.x - 2 OPu^ h.x + d^u^ h dPh 



(Hi) The relation dgTP = i d^TP^ is verified by: 

TP"" = k[2{-uP dxUp dPh"^ + Up dxuP dPR"^ + Up dPux d^Rp^ + dpuP dxuP h 

-{lj^u)+A d\P dPu" hpx]. (5.3) 

(iv) The relation dqTP^ = i dpTP'^P is verified by: 

TP^P = k[2ux d\P uP" - Up {dPu^ dxu^ - d^u^ dxuP) + circular perm.] (5.4) 

and we have dqTP'^P = 0. 

(v) The cocycles t,Tp,TP'^ and Tp^p are non-trivial and invariant with respect to parity. 
Here 

Upu = dpUu - dyUp. (5.5) 
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5.2 The Generic Expressions for the One-Loop Cochains 



We consider the one-loop contribution D^^l-^{x^y) and we do not need the splitting (14. lip of 
the Pauli- Jordan causal commutator from the preceding Section because the mass is already 
null. There is a particularity of the gravity case, namely we do not need to compute explicitly 
these expressions. The result is of pure cohomology nature. We only need to provide a generic 
expression for D^^*^ (x, y) and impose the cochain condition 

sD = Q (5.6) 

which follows from the gauge invariance of the interaction Lagrangian sT = 0. A number of 
limitations will result on the various arbitrary coefficients and we will be able to prove that D 
is a coboundary. We give only the relevant coefficients. For instance from the expression Z}!^]*^ 
we need only: 

dM0(x, y) = . . . + F3 d^'d''Ud2{x - y) uP{x) Kp{y) + ■■■ 

+F12 dpd,Ud2{x - y) W'^ix) uP{y) 
+F13 UH^ix - y) u,{x) h^^'^iy) + F,, D^d^ix - y) h>^^{x) uM (5.7) 



y) Mp(x) Uaiy) 
y) Up{x) uP{y) 
y) M^(a;) Up{y)\ 
y) Up{x) u^{y)\ 
y) Up{x) Ua{y) 
y) Up{x) uP{y) 
y) u'^ix) u''{y) 

y) M^(x) u^{y) (5.8) 

and only a few terms from the sector: 

D^f^'^Xx^y) = ■ ■ ■ + L2 d^d^d^d^ix - y) K(x) dpU^ - dM^) ^"iv)] 
+L3 d^d'd'd2{x - y) [u'^ix] d,Up{y) - d„Up{x) u"{y)] + ■■■ 
+L5 [d^dPdPd^ix - y) Up{x) d'uM - d''dPd''d2{x - y) d^^u.^x) Up{y)] 
+Le [df'dPd''d2{x - y) Up{x) d,u\y) - d''dPd''d2{x - y) d^u^^x) Up{y)] + ■■■ 
+Ls [d^'nd2{x - y) Up{x) d''uP{y) - d"" Ud2{x - y) d^uP{x) Up{y)] 
+ Lg [d^'Ud2{x - y) Up{x) dPu'iy) - 8" □^2(0: - y) 9^m^(x) Upiy)] + 
+L10 dpDd2{x - y) [uP{x) dPu'iy) - d^'u^ix) Up{y)] 
+Ln dpnd2{x - y) [uP{x) 9^m^(i/) - dPu^{x) Up{y)] 
+L12 dpUd2{x - y) K(x) dPu'iy) - dPu^ix) uM] 
+L13 dpUd2{x - y) K(x) d^uP^y) - dPuP{x) u,{y)] + ■■■ 



From the expression Z^MI*^] -^g need the whole sector 

D[p^^''\x,y) = Ki dPd''dPd''d2{x - 
+ K2 dPd''nd2{x - 
+ [dPdPnd2{x - y) Up{x) u'^iy) + d^dP nd2{x - 
+ [dPdPUd2{x - y) u^'i^x) Up{y) + d^dP nd2{x - 

+ K5 r^P" dPd^Udiix- 
+ t^p" U^d2{x - 
+Kr n'^d2{x - 
+Ks D^d2(x- 
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+Li9 77^^ d'^Dd^ix - y) d,Up{y) - d,Up{x) u''{y)] + • • • 

+ L24 [d''nd2{x - y) u,{x) d^u'^iy) - □^2(2: - y) d^^u^ix) Up{y)] 
+ L25 [d'^Ud^ix - y) Up{x) d^u'^iy) - Ud^ix - y) dPu'^ix) Up{y)] + • • • (5.9) 

Prom the expression D^i^^^^ we need the whole sector 

dY''^\x, y) = Qi [d^d^Ud^ix - y) u'{x) Up{y) - (/x O u)] 
+Q2 [d^d'Ud2{x - y) up{x) u'iy) - (/i z/)] 

+Q3 D^d2{x - y) K(x) u^'iy) - {fi ^ u)] (5.10) 

and some terms from the sector 

Di^''^\x, y) = ... + R, \d^Ud2{x - y) Up{x) d''u'^{y) - (/x ^ u)] 

+ i?6 [d^Ud2{x - y) Up{x) d^u^y) - (/x ^ i/)] + • • • (5.11) 

and from 

Dt"^\x, y) = ... + S2 [d^d'd''d2{x - y) d^u^ix) u„{y) - (fi ^ ly)] 

+Ss [d^'dpdrd2{x - y) dxix) uM + 

+^5 [d^Ud2{x - y) d^u^i^x) Up{y) - (/x ^ u)] 
+S6 [d''Dd2{x - y) dPu^'ix) Up{y) - (fi ^ 
+S7 dpnd2ix - y) [d^'u^i^x] - (/i ^ u)] uP{y) 
dpnd2{x - y) dfuf^ix) u'iy) - ^ v) 
dpnd2{x - y) dV{x) u^iy) - {fi ^ v) (5.12) 

5.3 Relative Cocycle Equations 

Now we consider the cocycle equation 

sD^O ^ dnD^^ = i—D^P^^ ^i(-lf\—D^'^P. (5.13) 

y Qr^p y > Qyp y ) 

Prom 

L>M0 ^ i_^D[H0 _ i_^L>MM (5.14) 
^ dx"" dy" ^ ' 

we obtain: 

- from the coefficients of the monomials dddddd2{x — y)u{x)u{y) 

Ki + K2 + K^ + K5 + Qi + Q2 = (5.15) 

^2 + ^6 = (5.16) 
K-i + Kr-Qi + Qs^O (5.17) 
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K4 + K8-Q2-Q3 = (5.18) 
From (E7[3D + (IET7D + (lETHj) we obtain 

Ki + 2K5 + 2K4 + K5 + Kr + Ks = (5.19) 

- from the coefficients of the monomials ddddd2{x — y)u{x)du{y) 

-K2 + L2 + Ls + L,s + R5 = ^ Fs (5.20) 
-Ki + L3 + Lg + Lig + Re = ^ F3 (5.21) 

- iTe + L24 - i?5 = ^ i^i3 (5.22) 

-Ks + L2,-Re = ^ Fi3 (5.23) 

Taking the difference we obtain 

- K2 + K4 + L2- L3 + Ls- L9 + Lis - LiQ + R5- R6 = (5.24) 

Ke-Ks- L24 + L25 + i?5 - = (5.25) 
If we subtract these equations and use fl5.16p we get 

Ki + Ks + L2-Ls + Ls-Lg + Lis - Lig + L24 - L25 = (5.26) 

- from the coefficients of the monomials ddddd2{x — y)du{x)u{y) 

- L5 - Lii - Li3 -S2 + Sr + Sg = -^ F12 (5.27) 

— Lq — LiQ — L12 — Qi — S3 — St + Ss = — - -F12 (5.28) 
-Ls-S, = -^Fi^ (5.29) 

- Lg + - ^6 = i"i4 (5.30) 
Taking the difference we obtain 

- L5 + Le + Lio - Lii + L12 - Lis + Qi - S2 + S^ + 2S7 - Ss + Sg = (5.31) 

Ls-Lg + Q3 + S5-Se = (5.32) 
If we add the ffist equation with (15.171) and f l5.18p we obtain 

K3 + K^ + Kj + Ks-L5 + LQ + Lio-Lii + Li2-Li3-Q2-S2 + S3 + 2Sr-Ss + Sg = (5.33) 

and if we add the second equation with fl5.18p we obtain 

K^ + Ks + L8-Lg-Q2 + S5-Se = 0. (5.34) 
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5.4 The Generic Expressions for the Coboundaries B^"^ 
Theorem 5.2 The coboundary equation 

D^'^^{sBY^, |/| + |J| = 2 (5.35) 

is true iff the coefficients of the left hand side verify: 

Ki + 2K3 + 2K4 + K5 + K7 + Ks = 

K^ + Ks-Q2- Q3 = 
Ks + K7-Qi + Q3 = 
Kq-Ks- L24 + L25 + i?5 - = 
K, + Ks + Ls-Lg-Q2 + S,-Se = 

+ Kg + L2 — L3 + Lg — Lg + Lis — Lig + L24 — L25 = 

K3 + K4 + Kr + Ks-L5 + LQ + Liq - Lu + L^ - L13 

-Q2 -S2 + Ss + 23-! - ^8 + = 0. (5.36) 

Proof: (i) We need the generic form of the cocycles B^-' constrained by 

gh{B^'') = \I\ + \J\-l, uj{B^^)=b. (5.37) 

We will give only a number of relevant terms: 

BY"^^\x,y) = ai[d''d''&'d2{x - y) u'^ix) u„{y) - (// ^ v)] 
+ a2 [d^dfd''d2{x - y) u,{x) u^i^y) - (i^ ^ u)] 
+ as [d^nd2{x - y) u^i^x) u^iy) - (/x ly)] 
+ a4 [d''nd2{x - y) uP{x) u^iy) - {^i ^ z/)] 
+ as [dPnd2(x - y) u^{x) u^iy) - {ji ^ v)] 
+ ae [r]^" d^nd2{x - y)u,{x) u''{y) - (// O u)] 
+a7 [jy'^" &'nd2ix - y)u''{x) u,{y) - (// o v)\ 
+08 [77'^'' drnd2{x - y)u,{x) u'^iy) - (// O u)] 
+ag d''d^d^d2{x - y)u,{x) ux{y) - {pt ^ u)] (5.38) 



Br^''^{x,y) = bi[d''dPd2{x - y) d''u''{x) u,{y) - (// O ly)] 
+ h2[d^'dPd2{x - y) u,{x) d'^u'^iy) - (// O u)] 
+ h [d^dPd2{x - y) d^u'^ix) u,{y) - (/x O u)] 
+ 64 [d^'dPd2ix - y) u^{x) d^u^iy) - (// o i/)] + • • • 
+br [d''d^d2ix - y) ff^u^ix) u,{y) - (// O i/)] + • • • 
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+bg [d'^&'d^ix - y) d^uM y^'iv) -if^^ ^)] 

+bn [d^d''d2(x - y) d^u^ix) u,{y) - (// O v)] 
+hs [d^d'^d^ix - y) d^u^ix) u'iy) - (// O i/)] + • • • 
+6i9 d^dTd^ix - y) [di^u'^ix) u,{y) -{ii^v)] + --- 
+621 dPd''d2{x - y) [d^'uaix) u'iy) - ^ i^)] 
+622 dPd''d2{x - y) d^'u^iy) - {fi ^ u)] 

+623 d^d'^d^ix - y) [d^u^{x) u^{y) + 
+625 □^2(2: - y) [d^u''{x) uP{y) - ^ z/)] + • • • 
+627 ^d2{x - y) [d^ui^ix) u-'iy) - ^ z/)] + • • • 
+629 Dd^ix - y) [d'u^'ix) u\y) - (/x z/)] + • • • 
+631 [V^' d'^d'^d^ix - y) d,ux{x) u\y) - {fi ^ z/)] 
+632 iv^' d'^d^'d^ix - y) u\x) d^uM - ^ ^)] 
+633 [V^' d'd'^d^ix - y) dxu^ix) u\y) - (/x ^ z/)] 
+634 [^^^ d''d''d2{x - y) u\x) dxuM + 
+637 d^dH2{x - y) [i^^^P d^u„{x) uM + 
+639 d''d^d2{x - y) [r/^^ d^u^x) ux{y) - (/i + 

+ 643 nd2{x - y) [r^^^P d''u''{x) u,{y) - (/x ^ z/)] 
+ 644 Ud2{x - y) [q^'P u„{x) d'^u^'iy) - (fi ^ z/)] 
+ 645 Dd2{x - y) [r]^'" d^u^ix) u^{y) - (/i ^ z/)] 
+ 646 ^d2{x - y) [r/^" u,{x) dPu'^y) - (/x ^ z/)] + • • • (5.39) 



Sr^x, t/) = . . . + ^4 [d^^d,d„d2{,x - y) h''P{x) u'^iy) - {i^ ^ u)] + ■ ■ ■ 

+gr[d^Dd2{x - y) Up{x) ^''(y) - (// O v)] 
+gs [d''Dd2{x - y) hyP{x) Up{y) -{^x^v)\ + ■•■ 

+^10 d,nd2{x - y) h'^'ix) vr{y) - (/X O y)] (5.40) 



bY^^'Kx, y) = . . . + r2 d'^d^dPd2{x - y) K(x) + V(^) + " " " 

+r8 [d^'nd2{x - y) u,{x) h''P{y) + d'^U d2{x y) h^^ix) u,{y)] 
+rio [d''nd2{x - y) Up{x) /i^^(,t) + d^U d2{x - y) h"\x) Up{y)] + ■■■ 

+ri6 Tj'"' d''Dd2{x - y) K(x) hp,{x) + hp,{x) u''{y)] (5.41) 

(ii) Prom the relation 

(s5)['^]M = Dl^lM ^ 



dxP 
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we obtain many equations; we only select: 



2ai + 2a3 — 209 = —iKi 
—ai + 03 + as — 0,7 = —iKs 
—02 + a4 — as — ag = —iK^ 
— 203 = —iK4 
— 2a4 = —iKg 
2aQ — —iKq 
—2a6 = —1X2 
2ar + 2a8 + 2ag — —iK^ 

a2 + 63 - ^33 - &4 + ^34 - = iLa 
04 + 64 + 646 - -rio = i-L25 
as - 63 - 64s - irg = iLg 

a& + &31 + &43 - &32 - &44 " 2^16 = ^-^18 

-ae + &2 + ^'44 - ^'^lo = iL2A 

as + &33 + hb - &34 - &46 - ^riQ = iLi9 
- hi - &2 + ^'32 - = iI/2 



(iii) Prom the relation 



dyP 

we obtain as above many equations and we select: 



-bi - 643 - = iLs (5.43) 



^ ^[HW _ idgB^^""^^ = (5.44) 



— ai — a3 — ay = —iQi 
—a2 — a^ — as = —iQ2 
-as = -i(53 

a4 - 64 - 646 + -^97 = -iRe 
-ae - 62 - ^44 + = -iRb 
-bi - 643 - ^98 = -^'S's 
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-hi - bi3 - hd - -^94 = -iS3 
-big - 625 = -iSr 
-b2i - &27 - ^9io = -iSg 

-622 - b29 - -gio = -iSs- 



(5.45) 



(iv) Now we can show that the preceding systems are compatible iff we have the equations 
from the statement. It can be proved by direct computations that no other equations are 
needed to obtain a solution of the coboundary equation from the statement. This assertion 
follows from hard work: one has to write down the generic expressions for the coboundaries 
B^"^, \I\ + \J\ =,2,3 and show that a solution of the equations f l5.42p and f l5.44p exists iff the 
eight equations from the statement are true. ■ 

Now we notice that from the relative cocycle equations we have obtained f l5.19p . fl5.16p . 
fl5J8|) . flSTTj) . ([E25D, fICTD . fl5:26|l and (K33h which are exactly the equations from the state- 
ment of the theorem. As a conclusion, we have 

Corollary 5.3 If D^^ is a cocycle, then we can write D^^ , \I\ + \ J\ = 2 as a coboundary. 
5.5 The Descent Procedure 

We now start a descent procedure. If we use the preceding corollary in the cocycle equation 



(sD)['^l® = 



(5.46) 



we obtain that the expression 




(5.47) 



is a cocycle 



(ig^l'^l® = 0. (5.48) 

Using this cocycle equation one can prove that Z)^''' is in fact a coboundary. For this one must 
consider all relevant sectors of this expression. In the sectors 



ddddd2{x — y)[u{x) h{y) + h{x) u{y)] 
ddddd2{x — y)[u{x) dh{y) + dh{x) u{y)] 
ddddd2{x — y)[du{x) dh{y) + dh{x) du{y)\ 



this result follows elementary. In the sector 



dddd2{x — y)[du{x) h{y) + h{x) du{y)] 
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we are left with 11 nontrivial cocycles, some of which cannot be seen immediatley as cobound- 
aries. For instance 

D^^'^^x.y) = d''nd2{x - y)[hi-">{x)d,Up{y) + h^'P{x)dpU,{y) 
+d^u'{x)K,{y) + dV{x)Kp{y) - d'up{x)h^,{y) 

-]^d,u^{x)h{y) - ]^d^u,{x)h{y) + ]^5^,d^u,{x)h{y)] 



can be written as 
The sector 



id'^Ud^ix - y)dQ[2W<^{x)Kp{y) - h^.{x)h{y)]. 



dd2{x — y)[dddu{x) dh{y) + dh{x) dddu{y)] 



(5.49) 



is the most comphcated one. There are 12 cocycles in which dh appears in the combination 
drjhP" so these are seen immediately to be coboundaries. But we are still left with 9 nontrivial 
cocycles as for instance 

y) = d''d2{x - y)[d,hp,{x)d^'dPu''{y) + d,dpU,{x)d''hP'' {y)] 
-d^d2(x - yWhP''{x)d^dpU,{y) + d,dpU,{x)d''hP''{y)] 

which can be written as 

id''d2{x - y)dQ 

-id^d2{x - y)dQ 
In the end we prove that 

so we obtain 



d,hp,(x)d''h^''(y) - -dMx)d^(y) 
d,h^{x)d''h^^{y) - l-dM^)d''{y) 



ox" oy'^ 



(5.50) 
(5.51) 



i.e. the expression D^i^^^ is a relative coboundary. 
We insert this result in the co cycle equation 



{sDf^ = 



and we obtain that the expression 



is a coboundary 



ox'^ dy'^ 



dq D'' = 0. 



(5.52) 

(5.53) 
(5.54) 
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If we write the generic form of we can prove rather easy that in fact the preceding equation 
leads to 

b^^ = (5.55) 

so we have 

+ (5.56) 

i.e. a relative cocycle if we take 

B"^^ = 0. (5.57) 

So we have proved the triviality of the cohomology problem. It is important to stress again 
that it was not necessary to compute explicitly the expressions D^-^ . In the end we have 

Theorem 5.4 For the 'pure gravity case, let us consider the expressions D^'^{x,y), up to the 
second order of the perturbation theory. Then these are cohomologous to the tree contribution 
i.e. the loop contribution is trivial. 

Proof: The preceding cohomologous argument has proved the assertion for one-loop con- 
tributions. For two-loop we have by direct computation the following non-trivial contribution: 

Dll^{x,y) = ic U^d^{x - y) (5.58) 

(where c is some constant). If we take 

Bf!){x,y) = 

B\^^{x,y)^lcd^ndsix-y) (5.59) 

then we can write the two-loop contribution as a coboundary. 

This means that, up to the second order of the perturbation theory, pure gravity is a classical 
theory. We can consider in the same way the loop contributions coming from the interaction 
between Yang-Mills and gravity. One can prove in fact that the cocycle equation forces this 
loop contribution to be null. 



26 



6 Conclusions 



We have proved that the loop contributions to the causal commutator D^-j^ are of the form 
sB+ super-renormalizable terms in the Yang-Mills case and simply of the form sB in the pure 
gravity case. Because the expressions B have also causal support this property stays true after 
causal sphtting. If 

is a causal splitting, then we have 

74[/) = sB^'^'^ + super — renormalizable terms (6.2) 

This means that the main contributions of the perturbation theory are the tree contributions 
which correspond to the classical theory. The quantum corrections associated to the loop 
graphs are behaving better in the ultra-violet limit; we conjecture that this result stays true in 
all orders of the perturbation theory. So there is a chance to construct a non-perturbative theory 
for gauge models. This follows from the well-known fact that the construction of non-trivial 
QFT models in 1 + 2 and 1-1-1 dimensions is closely connected to the super-renormalizability 
of the associated perturbation theory. This means that gauge models are better than say, 
the $^ model in 4 dimensions, for which it is conjectured that the constructive quantum field 
theory does not exists. This is related to the fact that the model in 4 dimensions is only 
renormalizable (does not have any super-renormalizable properties for the loop contributions). 

The preceding ideas are a full program for a new line of analysis of quantum field theories. 
We will continue in another paper with the much modest problem of investigating the conjecture 
in third order of the perturbation theory. 
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